ABSTRACT A general approach to the kinetics of a hadronic many particle system is formulated employing a non-equilibrium diagram technique. The investigation of medium e ects is based on the analysis of the coupled set of non-equilibrium Dyson equations for the , N and components. Some model approaches to their solution are considered. The results are applied to the study of expanding hadronic reballs containing pions, nucleons and deltas as produced in the course of heavy ion collisions at energies provided by the GSI-SIS up to the CERN-SpS.
Introduction
Modern experimental facilities allow one to study strongly excited and nonequilibrium hadronic matter in di erent energetic regimes 1 .
At laboratory energies less than a few GeV/A the quark-gluon degrees of freedom are, probably, not yet excited. Therefore, in order to describe such matter one has to consider the meson and the baryon degrees of freedom. The characteristic temperature T is less than m , where m = 140MeV is the pion mass. The baryonic density is assumed to be a few times 0 where 0 = 0:48m 3 is the normal density of the atomic nucleus . It is obvious that the most soft modes such as the pions, the nucleonnucleon holes and the -isobar-nucleon-holes are easily populated. Therefore, the soft collective degrees of freedom should manifest themselves in the course of the nucleus{ nucleus collisions at such energies (see 2{9 and Refs. therein). A simpli ed qualitative picture is based on the "participant -spectator" model. It is supposed (see, for example, Refs. 8, 10 ) that the energy in the center of mass system of the "participants" is used for the creation of a nuclear reball. The latter expands then into the vacuum. The particles which interact weakly with the nucleonic matter such as K + , leptons and photons radiate directly from some initial stage of the reball expansion whereas pions, nucleons and the 's may be trapped until the breakup stage. A consistent treatment of in{medium e ects in an expanding quasi{equilibrium reball approach was given in Refs. 7,8,11{13 .
In the nal stage of the reball evolution, the excited nuclear matter may traverse the region in the temperature{density plane, where cluster formation and multifragmentation occurs. A systematic treatment of in{medium e ects in the kinetics of cluster formation has been given, e.g., in Refs. 14 and 15 . However, the aspects of cluster formation in nuclear collisions are typical for collisions at medium energy and will not be considered in the present work.
In ultrarelativistic nucleus -nucleus collisions a large amount of energy is deposited in the central spatial and rapidity region, appearing ultimately as pions in the nal state 9,16{20 . In the initial stage of such a violent collision the (still hypothetic) quark gluon plasma may occur which subsequently undergoes a transition to the hadronic phase (for recent references see 1 ) . Since the reaction may evolve also via an intermediate stage with a dense non-equilibrium pion liquid it is important to understand the in-medium modi cation of the pion{pion interaction.
Thus, in both mentioned regimes of excitation the account of the relevant inmedium e ects is necessary in order to understand the physics involved. However, this task is very involved and therefore one ignores the essential many-body e ects even at a qualitative level.
For simplicity, one often considers the case of a quasi{equilibrium reball expansion. In spite of many qualitative and even quantitative results which can be obtained on the basis of such simpli ed models and which agree well with experimental ndings, it remains questionable whether thermal quasi{equilibrium is attained in relativistic and ultrarelativistic nucleus{ nucleus collisions. Therefore, there are no doubts that a more consistent and complete treatment must be invoked to describe the non{equilibrium
We use natural units with h = c = k B = 1, i.e. 1fm ?1 = 0:1973GeV . dynamics of nucleus{nucleus collisions.
Till now, the main activities have been concentrated on phase space simulations using phenomenological collision integrals in order to include the dynamical e ects. Applications of these approaches were developed within, e.g., the cascade model 21 and the Boltzmann{Uehling{Uhlenbeck transport theories 22 -27 . However, the medium effects can only be included in a simpli ed treatment in these approaches.
The kinetic equation for quasiparticles including retardation e ects has been introduced in Ref. 28 . Pionic degrees of freedom were considered in 12 . General covariant kinetic equations for nucleons coupled to a Yukawa boson have been derived in Ref. 29 and in the quantum hadrodynamics approach, see Ref. 30 . A quantum hadrodynamics model of including scalar, vector, and pseudoscalar mesons as well as nucleons and 's has been applied recently in Ref. 31 . The relativistic Landau{Vlasov equations for nucleons and deltas have been solved numerically for counter{streaming nuclear matter currents, see also Ref. 35 .
In all mentioned approaches one has to make further simpli cations. In order to solve the general kinetic equations one ignores the retardation e ects and treats in{medium e ects perturbatively or using the quasiparticle approximation.
The aim of the present work is to show how one could design a general nonequilibrium theory for the nucleus-nucleus collisions to both mentioned above energy regimes, to demonstrate by means of simpli ed approaches the relevance of the most prominent in-medium e ects which were not consistently taken into account in previous approaches.
The paper is organized as follows. In section 2 we start with the Dyson equation for the non-equilibrium Green's functions and the interaction amplitudes, whereby we assume that the hadronic matter consists predominantly of pions, nucleons and -isobars. In the case of a relatively dense N -system the resulting complicated equations can be reduced to somewhat simpler ones making use of the ansatz for the interaction inherent in Migdal's theory of nite Fermi systems 2, 7, 8 . In principle, the simpli ed equations can be solved numerically if the initial distributions of the particles are given. Simplifying even more one can nally consider hydrodynamical equations or deal with thermodynamics.
Of special interest is the so-called Bjorken picture 16 , which is based on the mutual transparency of the and N subsystem at ultra-relativistic nucleus-nucleus collisions. In this scenario the pions are assumed to be decoupled from the baryons and it is interesting to study the dynamics of an interacting pion gas. In section 3 we consider a pure meson gas consisting predominantly of -and -mesons. The resulting equations are as the ones derived for the description of the N matter to be solved self{ consistently with considerable numerical e orts and not suitable for a discussion of the medium in uence at a qualitative level.
Utilizing diagram techniques for non-equilibrium systems, we consider in section 4 a quasi-classical approach leading to the kinetic equations for quasiparticle distribution functions. This method permits us to study the behaviour of the cross section of the particles for times t ?! 1. The resulting kinetic equation is of the Boltzmann type including Bose or Fermi statistics and in-medium e ects. For the sake of illustration we study some particular cases which permit us to gain direct information on the evolution of the highly excited many-body system as produced in the course of nucleus-nucleus collisions at distinct energy regimes.
In section 5 we will study the limiting case of a sudden decay of the expanding nuclear reball. The applicability of the resulting hydrodynamic and thermodynamic approaches can be extended from say the 1 GeV/A beam energy domain to much larger energies, because the mean free path of the in-medium particles taking part in the collision process is rather small 12 . The interesting question is how to calculate correctly the number of particles which will nally be observed when employing the interacting quasi-particle picture. We will realize that for many practically interesting cases the reball breakup can be considered as sudden (see Ref. 11 ). For illustration we study again the evolution of the N -system and the mesonic gas. We discuss some consequences of the chiral phase transition which at a temperature of the order T chiral 200 MeV changes the hadron masses 33{35 .
In section 6 we brie y study the non-equilibrium evolution. In particular, we consider the distribution functions of the quasi-particles for the N -system and the pure pion gas. After that we examine more in detail the case of a dilute pion gas in which the rescattering e ects dominate the absorption. Using the results of Krook and Wu 36 we estimate the characteristic time necessary in order to develop a MaxwellBoltzmann distribution starting initially with a non-equilibrium one. We consider also a gas of pions being in quasi-equilibrium characterized by a chemical potential 6 = 0 at T > T c and T < T c , where T c is the critical temperature for Bose condensation (see also Ref. 37 ). The characteristic time necessary to accumulate a Bose condensate is also estimated.
Concluding remarks are given in section 7.
Non-equilibrium Green's Functions for Particles in Nuclear Matter
In considering non{equilibrium systems, we will apply the Green function formalism. For this purpose, we use the Keldysh version of the non{equilibrium diagram technique 38 .
Alternatively, one could also apply other approaches, say thermo eld dynamics 39 or the approach via reduced density matrices 40 , which allows to use the Matsubara technique for equilibrium systems at T 6 = 0.
We begin this section with a short outline of the Dyson equations for the particle Green's functions in the medium at non-equilibrium. Then we will give a very brief introduction to Migdal's theory of nite Fermi systems and naly discuss the interaction amplitude. 2.1. Dyson equations for particle Green's functions in medium at non-equilibrium
The single particle Green's functions for the di erent kinds of species taking part or being produced in the nucleus-nucleus collision obey the corresponding Dyson equations which can schematically be written as:
for -mesons:
(1) for nucleons: (2) for -excitations:
(3) where the -particle is treated on equal footing with the nucleon. The imaginary part of the -particle in the vacuum is included in the free -Green's function. There are similar equations for other mesons such as the !-and -mesons and for the photons. The thick lines denote the Green's function of the particle a ected by the medium, whereas the thin lines stand for the free particles. The indices i; j; k; l take the values +? according to the abbreviations introduced in Ref. 38 for the non-equilibrium diagram technique. In performing averages with respect to the non-equilibrium state, one has to consider four Green's function instead of one for the equilibrium case (for details we refer to Ref. 38 ). For example, the diagrams (1) kl G l j ; (6) where 
The equations (4) In the stationary case one can determine from Eqs. (10) the particle spectra in the medium.
In equilibrium all the Green's functions can be expressed through either the retarded or advanced Green's functions. In Fourier representation one has 28 (1) - (3) is impossible and one has to introduce approximation schemes. For the system consisting of pions, nucleons and isobars ( N ) an analytical description of the self{energies is given within Migdal's theory of nite Fermi systems 2, 7 . In this theory all graphs which strongly depend on the characteristic frequencies ! and momenta k due to the nuclear interaction are explicitly considered, whereas the graphs depending weakly on ! and momenta k are replaced by some constants adjusted to t empirical data. Such an approach works well at least for transferred energies of the order ! m N and momenta k m N . Di erent processes involved are characterized by some length and time scales. In fact, the time scales which correspond to low frequencies ! are 1= F ( F is the Fermi energy of the nucleons), 1=m (m is the pion mass) and 1=! (! = m ? m N is the energy gap for the excitation of the -isobars). One has for the low momenta k p F (Fermi momentum of the nucleon) and k m . This corresponds to length scales r 1=p F and r 1=m . Quarks and gluons are characterized by t r < r , where r 0:2?0:4 fm is the con nement radius of the nucleon. Of the same order r are the scales associated with the heavier mesons such as -and !-mesons and the Compton wavelength of the nucleon r N 1=m N . In Migdal's theory of nite fermi systems all physical phenomena associated with scales of the order of r < r are described with the help of phenomenological parameters, which are assumed to be independent of the energy !, the momentum k, the density and the temperature T for all properties de ned by the frequency scales ! < ! and momenta k < p F . This approximation seems to work well at low transparencies of the hadronic system consisting of nucleons, pions and -resonances ( N ). With such a system one deals with, for example, in nucleusnucleus collisions up to afew GeV per nucleon incident energy.
Taking the approximations into account mentioned above the system of coupled equations (1) - (3) can be represented in an explicit way by singling out the corresponding graphs. For a system symmetric with respect to the isospin one obtains 7, 41 for -mesons: (14) for nucleons: (15) for -excitations: (16) Here the Fermion line ?! stands for the particle and ? for the hole.
This coupled system of equations should be supplemented with the corresponding equations for the NN, N and vertices. For example, the equation for the NN vertex takes the form (17) One of the basic approximations in solving the system (14) - (17) consists in the fact that the information on the interaction reg and reg is taken into account by tting it to empirical data. Also the self-energies for the pion, the nucleon and can be accounted for by introducing e ective masses of corresponding particles in medium. However the imaginary part of the should be taken into account explicitly. We would like to mention, that a graph fl is extracted from reg corresponding to the ? uctuations represented by (18) and which becomes very essential near the critical point of -condensation 43, 44, 7 . In fact, there is a strong dependence of fl on density and temperature near the critical point characterized by the density c and the temperature T c . Outside the critical region the dependence of fl on density and temperature is expected to be rather weak. For densities 0 , the extraction of the block fl in its explicit form is not necessary and even not possible in an unambiguous way . The residual part of reg is restored by tting the N-scattering and -atomic data and by using Adler's consistency condition for the regular part of the N scattering amplitude o mass shell 7 .
In the theory of nite Fermi systems the ? interaction is represented in the following form (19) Here the block (20) represents -interaction in free space. It can be assumed to be local and it is taken from the Weinberg model 45 In describing the dynamics of the nucleus-nucleus collision and the production of di erent species of particles the probabilities of the various processes have to be calculated. One can do that either by calculating the imaginary part of the singleparticle Green's function or by calculating the real part of the two-particle scattering amplitude. This follows directly from unitarity, the dispersion relations and the optical theorem.
The resulting equation for the interaction amplitude entering Eq. (18) can be obtained in the form (21) We should note that the T-matrix equation of Lippmann -Schwinger type for the bare interaction in the form (20) instead of (19) has been employed in Ref. 46 . However, the estimates of Refs. 5, 44 showed that the nucleon{ and the {loops give very essential contributions to the {interaction in a medium consisiting of nucleons and 's. The second graph in Eq. (21) is very important near the critical point of pion condensation. With taking it into account {interaction amplitude changes the sign what results in the rst order phase transition 48 .
The T-matrix approach of the two{pion propagator in nuclear matter has been employed in Refs. 49, 50 leading to bound two pion pairs in the nuclear medium and eventually to Bose-condensation. The reason for this particular e ect is associated with a change of the sign of the e ective -interaction, H = eff ; 4 =4. As we have mentioned above the change of the sign of the e ective -interaction may also lead to a ordinary rst order -condensate phase transition. Then, the stabilization arises due to the appearance of a classical pion condensate eld of nite amplitude. As a result the e ective energy density H = D ?1 2 =2 + eff ; 4 =4 + 6 =6 (22) becomes positive.
In the theory of nite Fermi systems the NN{interaction is given by (23) where (24) Here the double wavy line represents a partially dressed pion taking into account the residual interaction reg . For the calculation of the total Green's function for the pion one has to employ the equation (14) . The local block in (24) (25) is parametrized considering symmetry relations. One obtains for the retarded (or advanced) part of the interaction amplitude in case of symmetric matter = C 0 ff + f 0~ 1~ 2 + (g + g 0~ 1~ 2 )~ 1~ 2 g; (26) where
(27) is the normalization coe cient and~ 1; 2 and~ 1; 2 are the spin and isospin Pauli matrices, respectively. The parameters f; f 0 ; g; g 0 of the theory of the nite Fermi system are adjusted by tting empirical data of nuclei.
The equation for the amplitude associated with the -excitation takes a form similar to Eq. (23) . However, the experimental information on the corresponding local interaction is more scare than for local NN-interactions (see Ref. 7 ).
2.4. Quasi-particle spectra in stationary nuclear medium
Having the amplitudes of the type (23) at our disposal we can built up the description of the N degrees of freedom in the equilibrium and non-equilibrium state of nuclear matter. In the approximation inherent the theory of nite Fermi systems for the stationary case these equations aqiure a rather simple form and can be solved algebraically. The resulting dispersion relations for the in-medium particles differ signi cantly from those for the free particles. The most signi cant reconstruction of the spectrum occurs for pions which play a twofold role. The pion polarization operator characterizes the particle propagation in the medium and also the NN and N -interaction corresponding to a particle with the quantum numbers of a pion. The dispersion relation for the energy ! of the quasi-particles having the quantum numbers of the pion reads 7 ! 2 = m 2 + k 2 + ret (!; k; ); (28) which di ers from the vacuum dispersion relation ! 2 = m 2 + k 2 in a qualitative way. Pion dispersion curves can be found in so called quasiparticle approximation (j Im ret j j Re ret j) when one can put Im ret ! 0. In fact, even in the case of a dilute nuclear gas the dispersion relation has three branches. For equilibrium matter with T=0 and = 0:6 0 the pion spectrum is displayed schematically in Fig. 1 11 . The lowest branch ! s (k) is due to the zero sound ; i = ; (29) and shown in Fig (28) and the meaning of the dispersion relation should be speci ed 7 . For this aim one may rather consider the response function
The dispersion relation can be determined by the maximum of the response function.
For Im ret 6 = 0 one has
The system's response is at maximum along the line ! = !(k), determining the dispersion relation. Typical dispersion relations for some versions of the e ective interaction 51 and for = 0 are shown in Fig.3 .
y The normalization is to one quasi-particle and one particle, respectively
From comparison of Figs. 1 and 3 one can see that besides three pion quasiparticle branches shown in Fig. 1 there also arises some bump for the virtual pions associated with the ampli cation of the response function in the complex !; k plane.
At small ! and T = 0 one has Im ret =/j ! j ; (32) and R(0; k 0 ) = 1 when m 2 + k 2 0 + Re ret (0; k 0 ) = 0 (33) The latter condition means a pion -condensate instability of the nuclear matter. Also Im ret 6 = 0 in the -resonance region (not drown in gure).
For nucleons and delta's in the rst approximation one can use the spectra determined by their e ective masses 7, 6 One also can use a more detailed relativistic parametrization of the nucleon andparticle spectra 52 .
3. Coupled Green's Functions for the Interacting Meson Gas 3.1. Elements of a diagrammatic approach For the description of ultra-relativistic nucleus-nucleus collisions it may be justied to consider a regime in which only the interacting mesons play the important role disregarding the presence of nucleons. Such a situation is usually discussed within the Bjorken picture 16 . In this case the baryon density is assumed to be negligible and the Eqs. (1), (21) (38) where ij ; is given by Eq.(38) and 0kl ; stands for the -interaction (20) in free space. For not too large frequencies and momenta !; k m the Weinberg model 45 can be utilized to calculate the mesonic interactions. For the description of the ultrarelativistic pions with !; k m ; m ; m N the interaction block (20) has to be considered in more detail. For that aim the vector dominance model can be employed and the ? interaction approximated through the -meson exchange. In general, one has also to consider the exchange of the heavy mesons such as the -and !-mesons. For the sake of simplicity we restrict ourselves here to the -dominance. Then we have (39) Here the thick vertices include the vacuum -formfactors and the ? in-medium e ects. The thick line { { { { stands for the propagator of the -mesons in the medium and can be graphically represented as (40) The propagator of the -meson takes the following form (41) These equations should be supplemented with the corresponding equations for the vertices: (42) As can be seen from the coupled system of equations (40) - (42), the block (20) actually depends on density, temperature, energy and momentum via the in-medium e ects of the -meson exchange 53 .
The processes which change the pion numbers are as follows:
The diagrams for processes such as ! are analogously represented. For realistic situations, one has to consider a lot of other processes which are responsible for the pion creation and absorption. These are the resonance decays, e.g. ! , N ! N , N ! N , nucleon-nucleon and nucleon-nucleon-resonance collisions NN ! NN , NN ! NN , NN ! NN ::: , baryon-antibaryon and excited meson annihilation into pions, e.g. NN ! :::, ! ; etc.
The dispersion relation for the pion in a quasi-stationary system is obtained from the Dyson equation (41) . One has ! 2 = m 2 + k 2 + ret (!; k; ); (44) which is in quite analogy to Eq.(28) for the pion dispersion relation in nuclear matter. The admixture of the free pion to the pionic quasi-particle is, as in the case of nuclear matter, given by the ratio of the normalizations
Thus, the pion polarization operator of a hot pion gas can, in principle, be calculated by making use of Eq.(35). 3.2. In{medium e ects in the pion gas at nite temperature The investigation of correlation e ects in a hot and dense pion gas was greatly stimulated by the CERN SpS heavy ion experiments at 200 GeV/A, where a modication of the pion spectra relative to the ideal thermal Bose gas expectation has been observed (low{p T pion enhancement). Before discussing the in{medium e ects in the kinetics of the interacting pion gas in Secs. 4 and 5 let us consider the situation of a stationary system. Then, the pion spectrum is directly related to the pion selfenergy which can be obtained by solving the coupled system of Dyson equation (37) and Bethe{Salpeter equation (38) for the interaction selfconsistently. This formidable task, however, has not yet been solved. We want to comment on recent work in this direction.
It is instructive to consider the idealized model system of a pure pion gas. Initiallly, the medium e ects have been treated in Ref. 9 , where the interaction was considered as an empirical input given, e.g., by the experimental scattering phase shifts in the vacuum or equivalently by the forward scattering amplitude 0 ; (k; p; k; p). Then, the pion selfenergy is determined according to (37) as (!; k; ; T) = Z dp (2 ) 3 n (p; ; T)
(see Refs. 9, 47 for details and numerical examples). Note that the normalization factor 1
which determines the strength of the quasiparticle pole has been omitted in Ref. 9 . The pion self energy can be used to de ne an e ective pion potential in the medium (optical potential), see 9, 47 
In the approximation of Ref. 9 a strong temperature and momentum dependent attraction was found for the real part of the e ective pion potential. It was emphasized that pions produced in a high energy nucleus{nucleus collision could be trapped by the collective potential at temperatures of 150 ... 200 MeV such that some part of the observed secondary pions are emitted at lower temperatures with a spectrum enhanced at lower momenta according to the observed e ect. However, according to Ref. 55 this scenario yields an attraction which is not able to explain the low{p T enhancement in the pion spectra of current experiments.
A new aspect in the calculation of the pion self energy in a hot and dense environment was the inclusion of e ects which modify the scattering amplitude. A systematic approach was proposed in Refs. 50, 54 and 56 where the Bethe{Goldstone equation for the two{pion T{matrix (38) T ; (E; k; p; ; T) = 0 ; (E; k; p) + Z 1 0 d2 4! 2 (q) 0 ; (E; k; q) G in?medium (E; q; ; T) T ; (E; q; p; ; T) (48) was solved in the ladder approximation. Here, E is the center-of-mass energy and G in?medium (E; k; ; T) is the in{medium two{pion propagator. Disregarding for a moment the self energy e ects which modify the one{pion propagation, it is given by 56, 47 G in?medium (E; k; ; T) = 
where the Bose occupation numbers n (k; ; T) = exp((!(k) ? )=T) ? 1] ?1 induce the dependence of the T{matrix on temperature and density of the medium. These studies of Eq. (48) were performed with a separable ansatz for the pion{pion interaction potential (see, e.g. the work of Johnstone and Lee 57 ) with the result that the pion{ pion cross section is considerably diminished by in{medium e ects. For a consistent discussion of medium e ects in the bosonic kinetic equation for pions as obtained in Sec. 4, this in{medium suppression of the cross section has to be included since it gives rise to a partial compensation of the Bose enhancement of scattering rates, see Ref. 56 . For the solution of the bosonic Boltzmann equation for pions and a discussion of the low{p T enhancement, see Ref. 58 . However, selfconsistency on the two{particle level has not been obtained in these approaches. Recently, in Ref. 47 have attempted a selfconsistent solution of the coupled system of equations (37) and (38) using a pseudopotential for the interaction that includes the most important s{ and t{ channel meson exchanges 59 . According to this model
On contrary, in Ref. 60 the local Weinberg interaction has been applied in the calculation of the graph (37) and a low momentum repulsion was found. From this follows that one should be rather careful in applying di erent approximation schemes, since Eqs. (35) , (36) are in general not reduced to the Eqs. (37) , (38) and the residual interaction may remain out of control.
In Ref. 49 , the possible formation of a two{pion bound state as a solution to the Bethe{Goldstone equation (48) has been considered. This question is still open since it depends sensitively on the model for the interaction kernel. Moreover, the requirements of chiral symmetry call for the investigation of a more profound approach to the e ective -interaction.
Quantum Kinetic Equations 4.1. Quasiclassical approximation
The quantum kinetic approach de nes the density matrix (t;r 1 ;r 2 ) which is required to calculate expectation values of physical observables in the evolution of the collision process. In order to solve Eqs. (1) -(3) in the semiclassical limit we introduce the new variable = (t 1 ? t 2 ;r 1 ?r 2 ) which relates to rapid and rather short distance processes and the variable X = ((t 1 + t 2 )=2; (r 1 +r 2 )=2) which describes the slow and smooth external eld changes or some collective processes. Thus we utilize a mixed coordinate-momentum representation, i.e. we will take the Fourier transform with respect to~ = (t 1 ? t 2 ;r 1 ?r 2 ) and keep the dependence on the coordinatẽ r = (r 1 +r 2 )=2 and time t = (t 1 + t 2 )=2 in the Green's function (for details of this technique we refer to the text of Lifshits and Pitaevski 38 ). As a result the kinetic equations for the pions, nucleons and -isobars can be written in the form @n @t = st n ; = ; N; ::: (59) G ?+ N = 2 i n N p f + N ? p 2 =2m N ? Re ret N ( + N ;p)g; (60) G ret N = + N ? p 2 =2m N ? ret N ( + N ;p) + i0] ?1 : (61) In deriving the above equations (56), (57), (59), (60) for the non-equilibrium case the so{called Kadano -Baym ansatz has been used. This ansatz does not directly follow from the properties of D ?+ and G ?+ , but the latter have been tted to recover the Boltzmann equation for the equilibrium case 61 . Other possibilities for non-equilibrium distributions besides the Kadano {Baym ansatz are discussed in Refs. 62 .
Employing the quasi-particle approximation some problems arise with the sum rule which e.g. for nucleons reads 
The number of pions is not conserved and one has = 0 besides in some speci c cases of a hot pion gas. However, in case of a hot pion gas the absorption e ects are much smaller than those of the elastic scattering. This has the e ect that the initial pion number does not change very much for a certain time interval and may be considered as constant (see below in Sect. 5). For = 0 the number of pionic quasi-particles is determined as n p (q:p:) = @L eff
where L eff is the e ective pion Lagrangian density and n p (q:p:) is the pion quasi{ particle distribution n p (p; ! med (p);r; t). The distribution of pions in medium is given by n p (real) = ?
Here the sum i has to be taken over the three branches of the pion spectrum. : (71) As in Eq. (67), the o -shell contributions are neglected in Eq. (71). For abbreviation the dependence of both the polarization function and the particle density on time, momentum and coordinate has been omitted. Since the spin-isospin sound mode does not contribute in a sizeable way to the collision integral (71) except for very speci c cases, we neglect it in the subsequent consideration and restrict ourselves to the pion-and -branch. Making use of the relation between + ? , ? + and ret the collision integral can be written in the more convenient form
This expression for the collision integral contains the quantity Im ret which is directly related to the relaxation time of the considered subsystem. In fact, taking in the dispersion relation for the pion (28) (67) and (72) for the collision integrals take a form which is di erent from the usual one employed in the Boltzmann equation, because the collision integrals are determined through the imaginary parts of the corresponding polarization operators containing the in-medium e ects. Taking the explicit forms of +? ; ?+ and +? ; ?+ the collision integrals can be written in a form more appropriate for the subsequent discussion. For relativistic pions the collision integral corresponding to interaction in the medium reads (see Appendix A) st n = 1 2 (23) , respectively. In the baryon free case W is determined by Eqs. (36) . We would like to emphasize that the collision integrals contain the properly normalized corrections due to the use of quasiparticles and that all relevant quantities depend on the in-medium dispersion relation. These corrections due to the underlying quasiparticle picture have in general been disregarded in many calculations. One of possible e ects of the medium has as a consequence that particle abundances may highly be overestimated when particle absorptions are ignored 56 .
Density matrix approach
A systematic quantum statistical approach to the time evolution of a many particle system has been formulated above using the method of nonequilibrium Green functions. Alternatively, we can use the density matrix approach to derive kinetic equations for the reduced density matrices or Wigner distribution functions, respectively.
The nonequilibrium statistical operator (t) is given according to Ref. 40 
as relevant observable, we obtain the Boltzmann{Uehling{Uhlenbeck equation 15 . This approach allows us to include the important in{medium e ects whereby the collision integral can be formulated in terms of quasiparticles and in{medium T{matrices. A generalization of this approach is obtained by considering the Wigner distribution function of clusters leading to a system of coupled equations for the single-particle and the cluster distribution function 15 . The collision terms contain contributions due to elastic scattering as well as inelastic reaction processes. The incorporation of the medium e ects in the description of correlations has still to be worked out within this approach. Somewhat simpler is the treatment of near equilibrium systems, for which the linear response theory can be applied by considering small uctuations of the single-particle and cluster Wigner distribution functions around the equilibrium. The response of the system is evaluated in rst order of perturbation so that the transport coe cients are given in terms of correlation functions for uctuations in equilibrium (cf. 64 ). Within these generalizations of the uctuation{dissipation theorem, many{particle e ects in the transport coe cients are treated using thermodynamic Green's functions in a systematic way. At present, the numerical solution of the kinetic equation with collision integrals of the types (78), (79) for nucleus-nucleus collisions is possible (cf. Ref. 22 and Refs. therein). However, the calculations are rather involved and tedious and in order to get some estimates of the dynamical aspects of the collision process, we will in the next sections study some limiting regimes.
Sudden Decay of the Nuclear Fireball
We do not aim a numerical solution of the kinetic equation but consider some cases of interest which allow us a relatively profound estimate of particle abundances produced during the disassembly of the nuclear reball. To do that we assume that the break-up time of the system is rather short (compared to the entire of the collision process) so that the time evolution can be estimated in a simple way. We will rst consider the decay of highly excited matter consisting of pions, nucleons and isobars N , then we will study a system consisting only of pions and nally we will investigate a system undergoing a chiral phase transition.
As mentioned above the admixture of the free pion in the pionic quasiparticles is given by the factor (29) . For example, for the negative charged pions the density distribution at given time t is given by the Fourier component of the Green's function D ?+ (t 1 ;r 1 ; t 2 ;r 2 ) taken at t = t 1 = t 2 (see Refs. 7, 11 ) n (t;r;k) = 2 q m 2 + k 2 < (t) j + j (t) >= = 2i q m 2 + k 2 D ?+ (t;r; t;k):
Herer = (r 1 +r 2 )=2 and the Fourier component is taken with respect tor 1 ?r 2 . Let us assume that the disassembling system is in a stage of quasi-equilibrium at time t < t 0 ?
break?up =2 and that at time t > t 0 + break?up =2 the system behaves like a non-interacting gas. The time step break?up characterizes then the time interval during which the momentum distribution of the particles freezes out. For times t < t 0 ? break?up =2 the evolution of the disassembling system can be described by using, for example, hydrodynamic observables such as the particle density (r; t) and the temperature T(r; t). Further, for the sake of simplicity we suppose that the system is homogeneous. Let us assume that the break-up time break?up is smaller than all relevant relaxation times with respect to the underlying interactions between the particles. Then the breakup of the system can be treated as a sudden one taking place in the interval t 0 ?0; t 0 +0. 
where the sum has to be performed over all branches. The coe cient ? j is de ned according to (29) for nuclear matter or according to (45) for the pion gas. It determines the admixture of the free pions in the pionic quasiparticles and ! j (k) follows from the in-medium dispersion relation. Let us now estimate the break-up time. For nucleus-nucleus collisions of incident energies in the range of a few GeV per nucleon the disassembly of the system with respect to the spin-isospin zero sound mode can be treated as quasi-adiabatic, i.e. (90) respectively, suggesting that these branches give the main contributions to the pion yield in the sudden break-up scenario. In order to understand the criterion underlying the sudden break-up of the system, let us recall for a moment the corresponding quantum mechanical expression. In fact, the probability of the sudden transition from the state n into m is de ned by W nm = j ? It can be seen from Eq. (91) that the perturbation can be considered as sudden, if the characteristic time during which the potential changes signi cantly is break?up < 1=! nm . In this case one can replace @Vnm(t) @t by V nm (0) (t) and arrives at the well known expression W nm = jVnm(0)j 2 h 2 ! 2 nm employed above for the criterion of a sudden disassembly of the hadronic system. In other words, the applicability of the sudden approach implies a relatively simple expression for calculating the spectrum of the free pions a ected by the medium.
Application to the N system
In the N system, the pion distribution is found from the general formula (87) which in the quasiparticle approximation reduces to (88).
For a nucleon of a given species the corresponding expression is in quite analogy to that of the pions derived above. One has (see Refs. 7, 13 ) n N k = d 3 
In the case 1= break?up , where is the width of the -isobars, the survivingisobars decay after the break-up of the reball via ?! N + giving rise to the nal pion and nucleon yield. In the other extreme case, i.e. 1= break?up , the isobars do not give any contribution to the pion yield. It has been argued in Refs. 11, 13 that the approximation which is based on a sudden disassembly scenario of the nuclear reball seems to work reasonably well for incident energies up to a few GeV per nucleon.
It is well possible that the sudden break-up approximation can be applied to nucleus-nucleus collisions at much higher beam energies. In fact, for the pions with momenta k > (1 ? 2) m the imaginary part of the polarization operator is rather large and consequently even for densities which are smaller than the nuclear matter saturation density 0 , the mean free path of the quasi-pions is small compared to size of the system, whereby decreases with temperature 12 . Under these conditions there are su cient collisions even at relatively low break-up densities and the N system could thermalize. In addition, the low break-up densities are in favour of the criterion (89), (95) for a sudden disassembly scenario. For smaller momenta (k < m ) the situation is not yet clear, because non-equilibrium e ects could become very important, since Im ret is rather small, and may become rather big (see also Ref. 12 ).
Pion gas
The expressions (87), (89) can be employed in the extreme case of vanishing baryon density B = 0, i.e. when, for example, the Bjorken picture for the collision process is applied. In this case the characteristic time for the thermalization of the pionic gas can well be determined by considering elastic -scattering as the dominant source for the equilibration 17{19, 65 . The characteristic times associated with the chemical equilibrium involve a large number of various inelastic processes. Estimates of the absorption time 18, 19 suggest that it is much larger than that for the elastic scattering at temperatures T m and therefore a nite pion chemical potential is restored because the pion number is approximately xed.
Assuming that freeze-out occurs suddenly leading to a thermalized momentum distribution of the nal state, the important question is: How does the dressed in{ medium pion become an undressed "real" pion? The question can be answered in the above considered sudden breakup model yielding for the distribution function of the pion at time t ?! 1 the form
with the energy !(k) given by (44) and the width ? given by (45) . Note, that there appears a chemical potential for the pions. The concept of chemical potential for a pion gas in nonequilibrium can be made more transparent using the density matrix approach. Assuming thermalization of the kinetic energy of the pions due to frequent elastic collisions, then the nonequilibrium state is characterized by a pion number < N > t which is a conserved quantity with respect to elastic collisions. The corresponding relevant statistical operator is of the form rel (t) = Z ?1 (t)e ? (H? (t)N ) ;
(100) where the (time{dependent) Lagrange multipliers (t); (t) are determined by the mean values of the kinetic energy and the number of pions respectively. For the time dependence of the pionic density we have (cf. Ref. 15 
which determines also the time evolution of the chemical potential (t). The pion number is due to the reactive processes. In the limit of equilibrium, the chemical potential (t) vanishes. Estimates for the underlying timescales are, for example, given in Ref. 19 .
Chiral transition
Let us suppose that for some ultrarelativistic energy regime the temperature of the system at breakup is near to that of the chiral phase transition T chiral 200 MeV. In this limiting case the e ective masses at least of some hadrons become rather small near the transition point. The arguments in favour of a universal scaling law for the decrease of all hadron masses with the density and the temperature towards the ciritical point are given in Refs. 33 . However, the authors of Refs. 34, 35 argue that such scaling exists not for all but only for some hadrons. In particular (according to their reasoning) the pion mass is only marginally a ected at the critical point. There seems to be agreement about that the nucleon and the { meson masses scale like 
Accorrding to the changes in the masses, we obtain from expressions (92) and (96) 6. Evolution of the Non-equilibrium Pion Gas
Let us in this section investigate some aspects of the non-equilibrium evolution of a pion gas. We will rst discuss the relaxation of the pionic degrees of freedom ( -relaxation) in baryonic matter. After that we will consider a pure pion gas, study the relaxation time approximation and consider the model of Krook and Wu 36 . We will conclude this section with a consideration of the evolution of a quasi-equilibrium pion gas.
6.1. -relaxation in N -surrounding Let us consider the case which might well be applicable for nucleus-nucleus collisions in the energy range up to afew GeV per nucleon. We suppose that the quantities entering the collision integral ( 
do not depend on the distribution function n (t) ' n k (t). For simplicity we restrict ourselves to the consideration of only one branch !(k). The kinetic equation (50) can easily be solved yielding n k (t) = exp(?
where n k (t = 0) n k (0) . In the limiting case exp nucl (where exp is typical reball expansion time and nucl is typical nucleon collision time), we can suppose that the baryon subsystem is thermally in quasi-equilibrium. This means that the quantities and change moderately with time via T(t). Thus for the pion distribution one can suppose that the quantities and are independent of time. As the result we have n k (t) = (1 ? e ? t ) + n k (0)e ? t : (107) For t the pionic subsystem is in equilibrium and one arrives at (see also Eq. (76))
In the case that initially n (0) < n eq , the pions are merely produced during the evolution of the system to the equilibrium stage. In the opposite case n (0) > n eq pions are mainly absorbed during the evolution.
The entropy of the weakly non-ideal gas of pionic quasi-particles is de ned by 38
where the occupation numbers n k = n (! (k)) depend on the in-medium dispersion relation of the pions. Taking the derivative of S with respect to the time, one obtains
Using for _ n the kinetic equation (50) under consideration of the approximation (107) the time derivative _ S reads _ S = 3 e ? t Z (n eq k ? n k (0)) ln
indicating that the entropy will increase if initially n k (t = 0) < n eq k ( = 0) and decreases if n k (0) > n eq k . In the limit t the entropy approaches rapidly a constant value. In the latter case the pionic subsystem reaches equilibrium, i.e. n k (t ) ! n eq k ( = 0). At t one can already consider the expansion of the N -system as being in a stage of quasi-equilibrium until the breakup at t = t 0 . One should note that in any case @S tot @t = @S N @t + @S @t 0: (112) The relaxation time has been calculated in Ref. 12 for the case of equilibrium nuclear matter at nite temperature. It turned out to be very small except for momenta (k < m ). Therefore the relaxation of the hard components of the pions is given by (106) and (107). The soft pions should be considered separately. At times t inel , where inel is a typical absorption time, the total number of the soft pions is approximately conserved. Let us assume that the quasi-elastic scattering on the quasi-free nucleons is characterized by a time el inel . In this case the quasi-elastic scattering is the dominant process at t inel (see also Ref. 66 ). At inel t el the pionic subsystem relaxes to the quasi-equilibrium distribution 
Let us assume that the initial pion distribution is given by
with T = T N = , whereas the nal distribution is given for t inel by (108) with T T N . Here T N is the temperature of the nucleonic subsystem. Then using the fact that N=V ' const for t inel at xed volume and with the help of Eqs. (115) and (113) we obtain the condition that < 0 if > 1. Comparing (115) with (108) at T = T N , we obtain the result that N < N (t inel ) if > 1. If, on contrary, < 1, we have N > N (t inel ) and for < c ( = ! (k = 0)) the excess of pions at t < el will condensate in momentum space at k = 0 giving rise to the Bose-Einstein condensation.
An analogous consideration has been done in Refs. 67, 68 for the case of a electronphoton system. The resulting kinetic equation turned out to be rather simple in the case of a Maxwellian electron distribution and elastic Compton electron-photon scattering. In this case a typical time for the Bose-Einstein condensation is =2m < el .
6.2. Pure Pion Gas
Relaxation Time Approximation
In the case of a pure gas of pions the dependence of the quantities ?+ and +? on the distribution function of the pions has to be taken into account and they are determined by Eq. (35) (see also Appendix A). Let us assume that the pion gas is close to equilibrium. Then, according to (50) the kinetic equation reads @ @t n k = ? n k (t) ? n eq k ;
where the relaxation time is given by (105) supposing the distribution function is equal to that of the equilibrium n k = n eq k . The solution of (116) has the same form as (107) with the same condition (108) being satis ed.
For an application of the relaxation time approximation to the thermal equilibration of the pion distribution in a longitudinally expanding reball as produced in the 200 A GeV nucleus{nucleus collisions at CERN, we refer to Refs. 18,69 .
Krook-Wu model
Let us consider a dilute gas of soft pions. It was shown in Ref. 18 that in such a gas the elastic scattering processes dominate the absorbtive ones. Therefore, there should exist a time interval el t inel during which the distribution of the pions is in a quasi-equilibrium stage and given by n k = 1 e !(k)? (t)
Assuming that at time t inel the chemical potential (t) of the pions relaxes rather slowly to the equilibrium value ! 0 and that the equilibrium distribution (108) is approached that contains the in-medium dispersion relation ! (k), the analytical solution for underlying kinetic equation can be found using the method of Krook and Wu 36 . In fact, Krook and Wu considered a classical, non-relativistic gas described by means of an isotropic and homogenous distribution function. The cross{section has been approximated through (g; ) = g ; (118) where is the scattering angle in the center of mass system and g is the relative velocity of the colliding particles. Taking 
So, for times inel > t el the system will be described by a Maxwell-Boltzmann distribution function (122) or by its generalization (119). Fig. 4 . Expanding pion gas, the curves are labelled by the entropy values 6.2.3. Expansion of an ideal pion gas in quasi-equilibrium Till now we have treated the evolution of the pion distribution under the constraint that the volume V is xed. Applying the above expression to the description of nucleusnucleus collisions one has to consider the expansion of the system as well. This can simply be realized for characteristic times inel t > el , because in this case the distribution function is determined by expression (117) with chemical potential 6 = 0, density n and temperature depending on time through the adiabaticity of the underlying expansion process. Some results for a relativistic gas of pions expanding at constant entropy are shown in Fig. 4 .
One sees, that for speci c entropy values s = 2 the chemical potential remains almost constant when the system cools during the expansion. It is interesting to mention that the chemical potential is close to the pion mass m . For the large speci c entropy values s = 3 the situation is hardly changed. Consequently, the expanding cloud of pions would acquire a distribution function re ecting in part the onset of Bose condensation manifesting by an enhancement of pions with low momenta.
In general the results shown in Fig. 4 indicate that the chemical potential tends to approach ! m if the system cools. This is also the case for a highly excited pion gas with s = 4. However, considering temperatures as low as 50 MeV, means to stretch the model beyond its limits of validity, since the underlying assumption of a conserved pion number is not any more ful lled.
Expansion of a non-ideal pion gas in quasi-equilibrium
It has been shown in Ref. 70 that a system described by an equation of state which contains a high number of degrees of freedom (resonances) can create a considerable amount of condensed pions through the decay of short{lived resonances if the baryon number and the entropy values are large and the dense matter decouples from chemical equilibrium earlier than from thermal equilibrium during the evolution. So, we consider the expansion of the pionic gas at time scales inel t > el , i.e. we assume that the number of pionic quasi-particles is xed. Such a weakly non-ideal gas can approximately be described by the Lagrange function 
where H 0 = ~ 4 =2 contains the interaction and j are the chemical potentials of the complex pionic j elds, (see also Ref. 37 ).
At T ' T c we have ' m and in the ultra-relativistic limit (k T T T c m ) from the ideal pion gas distribution one obtains (for N 
where ! j (k) is the energy of the pionic quasi-particle of given species j. Let us now for the sake of illustration consider pions of only one species. Then from (128) follows 
The momentum distribution of the pions can easily be calculated in the framework of the sudden break-up model considered in section 5. One obtains n vac (k > 0) = 
is satis ed. Since (T c ) ' m , one obtains a signi cant enhancement of the soft pion yield at T break?up < T c compared to the case of = 0. This way one has a clue to explain the excess of soft pions observed in ultra-relativistic nucleus-nucleus collisions.
(e) Transition of a non-equilibrium pion gas to the quasi-equilibrium at T < T c
The characteristic time cond for the relaxation of the pion condensate is determined from the equation of motion for the condensate eld c following from the Lagrangian (128). In mean eld approximation we have c + (i@ t + ) 2 
One sees that cond ! 1 for T ! T c , what is a signature of a second order phase transition. Let us suppose that initially the characteristic energy of the pions which will form the condensate is T and that the temperature is T < T c . In this case the condensate is formed in a typical time span of cond . However, if initially the characteristic energy of the pions is T c , there exists a kinetic regime which is characterized by a typical time scale of rel el (see Eq.(124)). During this time span of rel the system relaxes to the quasi-equilibrium characterized by the temperature T. If initially T > T c and afterwards the system cools down to T < T c within a typical time interval of cool , the characteristic time for Bose condensation is then cool when cool > cond . In the opposite case considered above the time necessary for condensation is cond . Thus, dependent on the conditions considered here, there might be two distinct regimes in the evolution of the pionic reball.
The characteristic correlation radius r c for the pionic condensate can also be estimated by using Eq. (137). One gets r 2 c cond =m and r c ! 1 for T ! T c indicating that there is a rather strong correlation between the pions for temperatures near to T c . This might well be an explanation for the large source sizes extracted via ? interferometry.
Concluding Remarks
We have formulated a general theoretical description of the dynamical evolution of a medium consisting of many components such as ; N; ; ::: The formulation is based on the Dyson equation by employing non-equilibrium diagrammatic techniques which in the case of the quasi-classical treatment allows one to derive quantum kinetic equations. We have this formalism applied to some distinct physical problems which allow for relatively simple estimates and are at the same time of interest for describing nucleus-nucleus collisions at di erent energy regimes. In all considered cases the typical relaxation times turned out to be rather small. The reason for this is the strong inmedium , N, and NN, N interaction which have to be included in the description of the dynamics of the nucleus-nucleus collision process.
respectively. From (142) and (144) and also from (71) we obtain (78) with W = 1 2 :
The same value is obtained from the expression W =j t j 2 , where t is the invariant amplitude determined from the diagram (20) . 
